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Abstract
A simple yet eective Taylor-series expansion method is presented for a class of Fredholm integral equations of the
second kind with smooth and weakly singular kernels. The equations studied in this paper arise in a number of applications,
e.g., potential theory, radiative equilibrium, radiative heat transfer, and electrostatics. The approach leads to an approximate
solution of the integral equation which can be expressed explicitly in a simple, closed form. The approximate solution
is of sucient accuracy as illustrated by the numerical examples arising from radiative heat transfer and electrostatics.
c© 1999 Elsevier Science B.V. All rights reserved.
Keywords: Taylor-series; Integral equations
1. Introduction
In this paper, we present a novel approximate technique, based on Taylor-series expansion, for
the solution of second kind Fredholm integral equations of the form
x(s)− 
Z 1
0
k(s; t)x (t) dt = y(s); 06s61; (1.1)
where the parameter  and the functions k and y are given, and x is the solution to be determined.
We assume that (1.1) has a unique solution and that the kernel k(s; t) = k(s− t) with k continuous
in I := [0; 1] and decreasing as s − t increases from zero or that the kernel k(s; t) is of the form
a(s; t)(s−t) with a continuous for s; t2I and  weakly singular, i.e., (s; t)=O(js−tj−); 0<< 1.
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Fredholm integral equations of form (1.1) arise in many physical applications, e.g., potential theory
and Dirichlet problems [2,9, pp. 137{272], electrostatics [8], mathematical problems of radiative
equilibrium [6], the particle transport problems of astrophysics and reactor theory [7], and radiative
heat transfer problems [13{15]. Numerical solutions for (1.1) have been studied by many authors
using Galerkin, collocation, and quadrature (or Nystrom) methods (see, e.g., [2,4] and the references
therein). These numerical methods transform the integral equation to a linear system of algebraic
equations that can be solved by direct or iterative methods. However, the matrix of the linear system
is full and, in general, very large in order to obtain an accurate approximate solution of the integral
equation, which is dicult and expensive computationally. Fast solution methods have thus been
developed (see, e.g., [1,2,5,11,12,17] and the references quoted there).
On the other hand, alternative approximate solution procedures have also been proposed for solving
the second kind integral equations arising in radiative heat transfer between grey surfaces (see,
e.g., [14, Chapter 7; 15 Chapter 3]), which transform the integral equation to a linear ordinary
dierential equation that can be solved analytically or numerically if the boundary conditions can
be speciced. One of such approaches is the Taylor-series expansion method which was proposed
in [10] for solving an integral equation of radiative heat transfer within a grey circular tube. This
radiation integral equation is of form (1.1) with a smooth kernel k(s; t) = k(s − t); where x(s) is
the dimensionless total radiant ux density from the surface of the cylinder at s and k(s; t) the view
factor for radiant interchange between the dierential surface elements at s and t (see, e.g., [10,14,
Appendix C, No. 26]). The function k(s− t) decreases rapidly as s− t increases from zero [10,14],
so that a Taylor series approximation can be made for the solution x(t) in the integral of Eq. (1.1):
x(t)  x(s) + x0(s)(t − s) +   + 1
n!
x(n)(s)(t − s)n: (1.2)
This is because, if E(t) denotes the error between x(t) and its Taylor-series expansion (1.2) then the
integral
R 1
0 k(s; t)E(t) dt is negligible in view of the rapid decreasing property of k(s; t) with s − t
increasing. Substituting (1.2) for x(t) in the integral in Eq. (1.1) gives"
1− 
Z 1
0
k(s; t) dt
#
x(s)−
"

Z 1
0
k(s; t)(t − s) dt
#
x0(s)−   
   −
"

n!
Z 1
0
k(s; t)(t − s)n dt
#
x(n)(s)  y(s); 0<s< 1: (1.3)
If the integrals in Eq. (1.3) can be carried out analytically, then the bracketed quantities are functions
of s alone and Eq. (1.3) thus becomes an nth order, linear, ordinary dierential equation with variable
coecients for x(s) that can be solved either by analytical methods or by numerical methods;
this, however, requires the manufacture of an appropriate number of boundary conditions. Though
the boundary conditions may be derived, as illustrated in [10], from the physical constraints in the
system, such as symmetry or an overall heat balance, it is in general very dicult to determine
them. The method is thus dicult to be extended to deal with systems of second kind integral
equations or general integral equations of form (1.1) with smooth or weakly singular kernels. Note
that to avoid use of boundary conditions the rst term of the Taylor-series expansion was used in
a collocation method in [3] to build a higher-order approximation for radiative exchange integral
equations between the two parallel plates and within a cylinder cavity.
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This paper presents a novel modication of the Taylor-series expansion method for second kind
integral equations of form (1.1), which does not require the use of boundary conditions. The approach
is simple yet eective, and can provide an accurate approximate solution to the integral equation as
demonstrated in the numerical examples. In fact, the approximate solution of the integral equation
can be expressed explicitly in a simple, closed form which can be easily and eciently computed on
any modern Personal Computer. Moreover, the approach can be easily applied to systems of second
kind integral equations of form (1.1) and Volterra integral equations of the second kind with kernel
k(s; t). It is anticipated that the technique described in this paper can be used for a wide variety of
physical and engineering problems including integral equation methods for elliptic boundary value
problems.
2. Modied Taylor-series expansion method
We assume in this section that, for an integer n>1; y2Cn[0; 1], the set of n times continuously
dierentiable functions on [0; 1], and that in the case k(s; t) = k(s − t), k2Cn[0; 1]; or in the case
when k(s; t) = a(s; t)(s − t); a2Cn+1(I  I); 2Cn(0; 1] and, for 0<t61 and m = 0; 1; : : : ; n − 1,
j(m)(t)j6ct−−m with some positive constant c. Under these conditions we have that x2Cn[0; 1] in
the smooth kernel case or (cf. [13,16]) that x2C[0; 1] \ Cn(0; 1) and
jx(m)(t)j6c0[t−−m+1 + (1− t)−−m+1]; 0<t< 1; m= 0; 1; : : : ; n;
where c0 is positive constant, in the weakly singular kernel case.
Suppose that the solution x(t) of (1.1) is approximated by its Taylor expansion (1.2). In order to
avoid to choose the boundary/initial conditions for (1.3) we rst dierentiate both sides of (1.1) to
get that for 0<s< 1,
x0(s)− 
Z 1
0
k 0s(s; t)x(t) dt = y
0(s); (2.1)
: : :
x(n)(s)− 
Z 1
0
k (n)s (s; t)x(t) dt = y
(n)(s); (2.2)
where k (n)s (s; t) = @
nk(s; t)=@sn. Substitute x(s) for x(t) in the integrals in Eqs. (2.1) and (2.2) to
obtain that for 0<s< 1,
x0(s)−
"

Z 1
0
k 0s(s; t) dt
#
x(s)  y0(s); (2.3)
: : :
x(n)(s)−
"

Z 1
0
k (n)s (s; t) dt
#
x(s)  y(n)(s): (2.4)
Now Eq. (1.3) combined together with (2.3) and (2.4) become a linear system of n + 1 algebraic
equations for n + 1 unknowns x(s); x0(s); : : : ; x(n)(s), which can be solved easily without use of
boundary conditions. In fact, from (2.3) and (2.4) it follows that x0(s); : : : ; x(n)(s) can be expressed
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in terms of x(s) and y0(s); : : : ; y(n)(s), which together with (1.3) gives x(s). Precisely, for n>0 and
for m; l= 0; 1; : : : ; n, dene
K (m)l (s) :=

l!
Z 1
0
k (m)s (s; t)(t − s)l dt;
Yn(s) :=y(s) +
nX
j=1
K (0)j (s)y
(j)(s);
An(s) := 1− K (0)0 (s)−
nX
j=1
K (0)j (s)K
( j)
0 (s);
with k (0)s (s; t) = k(s; t); Y0(s) = y(s) and A0(s) = 1− K (0)0 (s). Then the approximate solution x(s) to
the integral equation (1.1) can be written as
x(s)  [An(s)]−1Yn(s):
Thus, instead of solving the linear ordinary dierential equation (1.3) with boundary conditions, we
can now write down the approximate solution in terms of simple integrals.
Remark. If k(s; t) = k(s− t), then by integrating by parts
K (m)l (s) =

l!
[k (m−1)(s)(−s)l − k (m−1)(s− 1)(1− s)l] + K (m−1)l−1 (s) (2.5)
for m; l>1, while by direct integration
K (m)0 (s) = [k
(m−1)(s)− k (m−1)(s− 1)]; m>1: (2.6)
Thus from (2.5) and (2.6) and the fact that K (0)l (s)=(=l!)
R 1
0 k(s−t)(t−s)l dt; l>0, it can be seen that
K (m)l (s) either is integrated exactly or contains only simple integrals
R 1
0 k(s−t)(t−s)l dt (l=0; 1; : : : ; n).
3. Numerical results
We present in this section numerical results for four examples which illustrate the modied
Taylor-series expansion method. The rst of these is a radiant interchange integral equation that
has a continuous kernel and arises in radiative heat transfer [14, pp. 301{306]. The second and third
arise in electrostatics [8] and have a smooth kernel. The fourth is a weakly singular integral equation
of no practical application.
All computations were carried out using Maple V Release 4 on an IBM Pentum Personal Computer,
and it took only several minutes to get all the computed results.
Example 1. We rst consider an integral equation arising in radiative heat transfer between two
grey surfaces [3,10,14,15]. The equation is given in nondimensional form by (1.1) with  = (1 −
); k(s; t) = (ljs− tj), and
(t) = 1− t(t
2 + 3=2)
(t2 + 1)3=2
;
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Fig. 1. Comparison of approximations and exact solution in Example 1.
where  is the surface emissivity with 0<< 1, and l is the ratio of the length of the surfaces to
the distance between the two surfaces which is usually quite large (e.g., l>3 [3,14]). Here, x is the
nondimensional outgoing radiation ux.
Numerical results are shown in Fig. 1 in the case = 0:5; l= 4 and with y being chosen so that
the exact solution is x(s) = (1− s)4.
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Example 2. Here we solve (1.1) with == and k(s; t)=[2+(s−t)2]−1 which arises in electrostatics
[8]. When y(s) = 1, the equation is known as Love’s equation. In fact, Love’s equation is given by
x(s)− 
Z 1
−1
k(s; t)x(t) dt = 1; −16s61;
which can be easily transformed into form (1.1).
To evaluate the accuracy of the approximations produced by the modied Taylor-series expansion
method, y(s) is chosen such that the exact solution is x(s) = 1 + s2 + s5.
Numerical results with = 2 are given in Fig. 2.
Example 3. In this example the kernel k(s; t) and the parameter  are exactly the same as in
Example 2 but y(s) is now chosen so that the exact solution is x(s) = e2s. Numerical results with
= 2 are presented in Fig. 3.
For Examples 1 and 2 (see Figs. 1 and 2), the approximations with n=0; 1, i.e., the Taylor-series
expansion (1.2) contains one and two terms, are in an excellent agreement with the exact solution.
The approximations with n> 1 could also be calculated, but do not appear to be necessary in these
two cases. (Note that Fig. 2 above contains also the approximation with n= 2.)
In Example 3 the exact solution is an exponential function and the approximations with n=0; 1 are
not very good. However, the higher-order approximations with n=2; 3 are in an excellent agreement
with the exact solution. Computations could be carried out with n (or the number of terms in the
Taylor expansion) increasing, but due to the property of the kernel only few terms in the expansion
are enough to get high accuracy, which is an advantage of this method over other available solution
methods. Another advantage of the present method is that it can be carried out using symbolic
computing codes on any modern Personal Computer.
Example 4. In this nal example we consider (1.1) with a weakly singular kernel k(s; t)=(s−t)−1=3.
The function y(s) is chosen so that (1.1) has the known exact solution x(s)= [s(1− s)]2. Computed
results with = 1=10 are shown in Fig. 4.
For Example 4 only the approximation with n= 0 is shown in Fig. 4 to compare with the exact
solution since the approximation with n>1 requires derivatives of the kernel which are hypersingular
and would lead to inaccurate approximation. From Fig. 4 it is seen that the approximation with n=0
gives a very accurate approximate solution except in the vicinity of s = 0; 1; the end points of the
integral interval [0; 1]. One possible technique of improving the accuracy of the approximation near
s = 0; 1 is to take the approximation with n = 0 as the trial function in a collocation or Galerkin
method, but such an investigation has not been carried out in the present paper.
4. Conclusions
This paper presents a novel modication of the Taylor-series expansion method proposed rst
in [10,14,15] to solve a class of second kind integral equations arising in radiative heat transfer.
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Fig. 2. Comparison of approximations and exact solution in Example 2.
The method proposed in this paper can be applied to a wide class of Fredholm integral equations
of the second kind with smooth and weakly singular kernels arising not only in radiative heat
transfer but also in a number of other applications, e.g., potential theory, radiative equilibrium, and
electrostatics. The approach leads to an approximate solution of the integral equation which can be
expressed explicitly in a simple, closed form and which can be eectively computed using symbolic
computing codes on any modern Personal Computer. Moreover, the approach can be easily applied
to systems of second kind integral equations of form (1.1) and Volterra integral equations of the
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Fig. 3. Comparison of approximations and exact solution in Example 3.
second kind with kernel k(s; t). It is anticipated that the technique described in this paper can be
used for a wide variety of physical and engineering problems including boundary integral methods
for elliptic boundary value problems.
Numerical examples arising from radiative heat transfer and electrostatics with smooth kernels
are presented in this paper to illustrate an excellent accuracy of the approximation obtained by the
present method. Due to the property of the kernel only few terms in the Taylor expansion are enough
to get high accuracy. Results of the approximation with n= 0 are also computed for an example of
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Fig. 4. Comparison of approximations and exact solution in Example 4.
a weakly singular integral equation which are in a good agreement with the exact solution except
in the vicinity of the end of the interval of denition of the integral equation.
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